We call a theory a Dedekind theory if every complete quantifier-free type with one free variable either has a trivial positive part or it is isolated by a positive quantifier-free formula. The theory of vector spaces and the theory fields are examples. We prove that in a Dedekind theory all positive quantifier-free types are principal so, in a sense, Dedekind theories are Noetherian. We show that saturated existentially closed models of Dedekind theories, if not countably categorical, are Zariski geometries.
Introduction
In this paper we investigate the relationship between two basic facts in the theory of fields. The first says that the ring of polynomials in one variable is a principal ideal domain. The second fact says that the ring of polynomials in finitely many variables is Noetherian. From the first fact one deduces that fields with the same characteristic can be amalgamated and that algebraically closed fields have elimination of quantifiers. The second fact, together with elimination of quantifiers, yields Hilbert's Nullstellensatz (see e.g. [M3] ).
We introduce Dedekind theories as it is a natural context to express the relationship between the two facts above. Roughly, Dedekind theories are theories where an abstract (slightly weaker) version of the first fact above holds: every quantifier-free type with one free variable either has a trivial positive part or it is principal, i.e. is equivalent to a positive quantifier-free formula. The theory of fields and the theory of vector spaces are examples of Dedekind theories. We prove that Dedekind theories have the amalgamation property (Theorem 12) and that they are model-companionable (Theorem 13). We prove that Dedekind theories are Noetherian, i.e. that positive quantifier-free types with finitely many variables are principal (Theorem 21). Finally, we show that the model-companion of a Dedekind theory is a strongly minimal theory (Corollary 14) . Actually, in Theorem 24 we prove that saturated existentially closed models of Dedekind theories, if not ω-categorical, are Zariski geometries [HZ] . The notions of model theory necessary to read this paper hardly go beyond the compactness theorem. The readers not familiar with mathematical logic can quickly learn the necessary prerequisites from [B] or [M2] .
Dedekind theories
Throughout this paper T is a consistent theory: we shall say model for model of T , consistent for consistent modulo T , and complete for complete modulo T . The letters M, N, etc. denote models and A, B, etc. denote subsets of models. We assume that every model is contained in an infinite one and that T fixes the characteristic of the models i.e. all substructures generated by the empty sets are isomorphic. In other words, T is complete for quantifier-free sentences.
We write ⊢ A q(z), where q(z) is an A-type, when ∀z q(z) holds in every model containing the substructure generated by A. We omit the subscript when A is empty. The expression
. Let a be a tuple of elements of some model and let p(w) the quantifier-free type of a; we shall use several times without further mention that ⊢ a q(a, z) is equivalent to p(w) ⊢ q(w, z).
An equational formula is a formula that contains only connectives ⊤, ⊥, ∧ and ∨. An equational type is a set of equational formulas. Let p(z) be an A-type (not necessarily equational). We say that p(z) is trivial over A if ⊢ A p(z). We say it is consistent over A if A ¬p(z), that is, if it is realized in some model containing A or, yet in other words, if it is consistent with the quantifier-free type of A. We say that p(z) is maximal over A if it is consistent over A and for every equational A-formula ϕ(z) either p(z) ⊢ A ϕ(z) or p(z) ⊢ A ¬ϕ(z). It is prime over A if it is consistent over A and for every pair of equational A-formulas ϕ(z) and ψ(z),
As expected, maximal implies prime. The specification 'over A' will be dropped when A is empty or clear from the context. We say that p(z) is principal if there is an A-formula ϕ(z) such that ⊢ A p(z) ↔ ϕ(z). By compactness we can always assume that ϕ(z) is a conjunction of formulas in p(z). When p(z) is maximal, we may say isolated for principal. The terminology could mislead the readers that uses ring of polynomials to guide their intuition. In fact, principal equational types correspond to finitely generated ideals in the ring of polynomials not to principal ideals (which do not have an analog in our setting). We say that T is locally Dedekind if these conditions hold when a is a finite tuple.
The heuristic is as follows: grosso modo axioms D2 and D3 ensure the amalgamation property of models and axiom D1 the existence of a model-companion. Axiom D0 is introduced for a smooth and non-trivial theory of dimension. It is only necessary for the definition of locally Dedekind theory in fact, when infinite tuples of parameters are allowed, it follows easily from D1. All results in this section are independent of D0.
3 Example The theory of integral domains is a Dedekind theory. In fact, observe that equational formulas in the language of rings are systems of equations. Then D0, D1 and D2 are obvious. To prove D3, let t(a, x) be the minimal polynomial such that p(a, x) ⊢ a t(a, x) = 0. The maximality of the formula t(a, x) = 0 is an easy consequence of Bézout identity.
4 Example The theory of modules over a fixed integral domain is a Dedekind theory.
Other examples of Dedekind theories cannot not be too far from the two main examples above. In fact, on saturated existentially closed model of Dedekind theories there is canonical Zariski geometry (cf. Theorem 24 below). The following examples show that the situation is different for locally Dedekind theories.
5 Example Consider a language that contains only a binary relation r(x, y). Let T a , T b , and T c be the theories that axiomatize the models that are It is easy to check that these are locally Dedekind theories. Observe that T a is an unstable simple theory, T b is an unstable theory without the independence property, and T c is neither.
Only one of the requirements in Definition 2 may fail in a locally Dedekind theory for some infinite tuple of parameters a: some non-trivial prime equational type p(a, x) is nonisolated. In fact, infinite tuples of parameters are irrelevant for D0, D1 and D3 while the observation below ensure that first claim in D3 holds also for infinite tuples of parameters.
6 Observation Let T be a locally Dedekind theory and let p(x) be a non-trivial prime equational A-type, for some possibly infinite set of parameters A. Then, by compactness, p(x) is maximal.
We will often think of prime equational types as the positive part of a maximal quantifierfree type: this is precisely stated in point c of the following observation. We need some notation: for every type p(z) we define
Note the dependency on A, however, as A will be always clear from the context, we omit it from the notation. When p(z) is trivial then p * (z) is called the transcendental A-type and is denoted by o(z/A). In general, it need not be a consistent type but, when it is consistent, it is also maximal. The following type is called the equational type of b over A:
Observation Let p(z) be any A-type. The following are equivalent:
is consistent, and consequently maximal, over A.
This equivalence is obtained by a straightforward compactness argument.
8 Observation We can rephrase condition D3 above as follows: for every non-trivial prime equational type p(a, x) there is an equational formula
Prime types play the role of complete types when we restrict the attention to equational formulas. Precisely, we have the following fact.
9 Fact Let q(z) be an equational A-type and let P be the set of prime equational A-types
where if P is empty the disjunction is ⊥.
Proof It follows from b of Observation 7.
10 Fact Let T be a Dedekind theory and let A be an arbitrary set of parameters (alternatively: T locally Dedekind and A finite). Let q(x) be a non-trivial equational A-type. Then there are some equational A-formulas ξ 1 (x), . . . , ξ n (x) that are maximal and such that
Proof Apply Fact 9. If q(x) is non-trivial, then no type in P is trivial and the claim follows from D3 and compactness.
11 Theorem Let T be a Dedekind theory and let ϕ(x) be a non-trivial equational Aformula. Then ⊢ A ∃ <n x ϕ(x) for some n.
Proof Suppose for a contradiction that A ϕ(x) and that there is an infinite set B such that
Apply Fact 10 to obtain
for some equational formulas ξ 1 (x), . . . , ξ n (x) that are maximal over A, B. One of these formulas, say ξ i (x), is satisfied by two distinct elements in B, say b 1 and b 2 . But ξ i (x) is maximal so it implies both x = b 1 and x = b 1 , a contradiction.
Theorem Let T be a locally Dedekind theory. The class of models of T has the amalgamation property (over sets).
Proof Let A = M ∩ N, be a substructure of both M and N. We show that there is a model N ′ containing N and an embedding f ′ : M → N ′ that fixes A. Clearly it suffices to show that for any b ∈ M there are a model N ′ containing N and an element b
, which is consistent by D0. Now assume instead that p(a, x) is non-trivial. By D2, the type p(a, x) is consistent over N, so there is an N ′ containing N and
13 Theorem Let T be a locally Dedekind theory. Then T has a model-companion that admits elimination of quantifiers.
Proof Let T c be the theory of the existentially closed models of T and let M and N be two ω-saturated models of T c , let a and d be finite tuples in M, respectively, N and such that M, a ≡ qf N, d. Let c be an element of M, we show that there is an e such that M, a, c ≡ qf N, d, e. Then elimination of quantifiers follows by back-and-forth.
In this case it suffices to observe that ω-saturation ensures that o(x/d) is realized in N. Otherwise, since p(a, x) is prime over a, by Observation 8, there is an equational formula ξ(z, x) such that ⊢ a ξ(a, x) ↔ p * (a, x) ∧ p(a, x). As M, a ≡ qf N, d, the same holds with d substituted for a. Let ϑ(z) be as in D1. Then, for every b that satisfies ϑ(z), the formula ξ(b, x) is consistent, so ξ(b, x) satisfied in any existentially closed model containing b. Then the formula ∀z[ϑ(z) → ∃x ξ(z, x)] belongs to T c , so it holds in N. Finally, as M, a ≡ qf N, d we obtain that N ξ(d, e) for some e. As ξ(d, x) is maximal over d, we obtain M, a, c ≡ qf N, d, e as required.
14 Corollary Let T be a Dedekind theory. Then the model companion of T is strongly minimal.
Proof By Theorem 11 and 13 every model of the model-companion of T is minimal.
Noetherianity
Recall that the consistency of o(z/A) is equivalent to the primality over A of the trivial type z = z, that is, to requiring the validity of the following implication for every pair of equational A-formulas ϕ(z) and ψ(z):
If b is a tuple that realizes o(z/A), we say that b is transcendental over A. So, b is transcendental over A if for every equational A-formula ⊢ A,b ϕ(b) ↔ ϕ(z). Proof To prove a we proceed by induction on the length of z. Assume that d above holds for tuple z and prove it holds for the tuple x, z. Suppose ⊢ A ϕ(x, z) ∨ ψ(x, z). Then, for a arbitrary, ⊢ A,a ϕ(a, z) ∨ ψ(a, z) so, from the induction hypothesis, either ⊢ A,a ϕ(a, z) or ⊢ A,a ψ(a, z). Now, let b be arbitrary and let a be transcendental over A, b. Suppose for definiteness that ⊢ A,a ϕ(a, z) obtains.
Fact Let T be a locally Dedekind theory and let
The first is contrary to the choice of ξ(x), so ⊢ A,b ϕ(x, b). Finally, by the arbitrarity of b, we conclude ⊢ A ϕ(x, z).
Claim b is consequence of amalgamation, in fact, from Theorem 12 it follows that any quantifier-free formula consistent over A is consistent over any B containing A. Finally, to prove c observe that z 1 = z 2 and that x = a for any a ∈ A.
Let z be the tuple z 0 , . . . , z n−1 and let I = {i 1 , . . . , i k } for some 0 ≤ i 1 < . . . < i k < n. We write z I for the tuple z i 1 , . . . , z i k . Let p(z) be a consistent A-type. Define o-dim(p(z)/A) to be the largest cardinality of some I such that o(z I /A) ∧ p(z) is consistent. We agree that when I is empty o(z I /A) is trivial so o-dim(p(z)/A) always defined and
16 Observation Let q(z) be an A-type and let P be any set of A-types such that
Then o-dim(q(z)/A) = max{o-dim(p(z)/A) : p(z) ∈ P }. In particular, if q(z) is equational, by Fact 9, its dimension is the maximal dimension of a prime equational A-type p(z) such that p(z) ⊢ A q(z).
Now, let p(z, w) be an arbitrary A-type. Define
Note the dependency on A, however, as A will be always clear from the context, we omit it from the notation. Note also that p(z, -) is by definition an equational type, independently of the complexity of p(z, w).
Lemma Let T be a Dedekind theory and let A be an arbitrary set of parameters (alternatively: T locally Dedekind and A finite)
. Let z be the tuple z 0 , . . . , z n−1 and let
Proof Observe that by Fact 10, if q(z) is maximal and q(z) A p(z, x) then
for some equational formulas ξ h (z, x) such that q(z) ∧ ξ h (z, x) is maximal. This will be used below. Now, let I be as in the statement of the lemma and let J be maximal such that I ⊆ J ⊆ {0, . . . , n − 1} and
for some for some equational formulas
Note that if we take I = J then p(z J , -) is equivalent to o(z I /A) and the requirement is satisfied with ξ h (z J ) trivial. So the required J exists. The lemma follows if we show that J = {0, . . . , n−1}. Suppose not and let m ∈ {0, . . . , n−1} J. Let 1 ≤ h ≤ k be arbitrary.
Then also p(z) would be consistent with o(z I , z m /A) contradicting the maximality of I. So we can apply the observation above
This contradicts the maximality of J proving the lemma.
Fact Let T be a Dedekind theory and let A be an arbitrary set of parameters (alternatively: T locally Dedekind and A finite). Assume furthermore that A is non-empty. Then the following are equivalent
a o-dim(p(z)/A) = 0; b p(z) is a disjunction of maximal equational formulas; c p(z) is a
disjunction of possibly infinitely many a maximal equational types.
Proof To prove a⇒b, suppose o-dim(p(z)/A) = 0. As o(z I /A) is trivial when I is empty, Lemma 17 implies that p(z) is a disjunction a maximal formulas. The implication b⇒c is trivial; we prove c⇒a. Suppose z is the tuple z 0 , . . . , z n−1 and suppose for a contradiction that o(z i /A) ∧ p(z) is consistent for some 0 ≤ i < n. Then o(z i /A) is consistent with some maximal type q(z) ⊢ p(z). Then the type q(z i , -) is trivial. As q(z) is maximal, then q(z i , -) is maximal. It follows that o(z i /A) is trivial, which cannot be by c of Fact 15.
Lemma Let T be a Dedekind theory and let A be an arbitrary set of parameters (alternatively: T locally Dedekind and A finite). Let p(z) and q(z) be equational
is also consistent. It is easy to check that o(z I /A) ∧ p(z) is prime so, by Lemma 17, it is maximal. Let ϕ(z) be an equational formula in q(z) such that p(z) A ϕ(z).
The first contradicts the choice of ϕ(z), the second contradicts the consistency of o(z I /A) ∧ p(z).
Let z be the tuple z 0 , . . . , z n−1 and let p(z) be a non-trivial equational A-type. Define o-deg(p(z)/A) to be the largest k for which there is I ⊆ {0, . . . , n − 1} of cardinality o-dim(p(z)/A) and some equational A-formulas ξ h (z), for 1 ≤ h ≤ k, such that the types o(z I /A) ∧ ξ h (z) are maximal over A and mutually inconsistent and
By Lemma 17, o-deg(p(z)/A) is well-defined.
20 Lemma Let T be a Dedekind theory and let A be an arbitrary set of parameters (alternatively: T locally Dedekind and A finite). Let p 0 (z) and p 1 (z) be equational A-
Proof Let z be the tuple z 0 , . . . , z n−1 and let I ⊆ {0, . . . , n − 1} be a set of cardinality o-dim(p 0 (z)/A) such that o(z I /A) ∧ p 0 (z) is consistent. Apply Lemma 17 to both p 0 (z) and p 1 (z): let {ξ h (z) : h ∈ K} be a set of equational A-formulas such that o(z I /A) ∧ ξ h (z) is maximal over A and
for some K 0 , K 1 ⊆ K. We can assume that the types o(z I /A) ∧ ξ h (z) are mutally inconsistent so, the maximality of o(z I /A) ∧ ξ h (z) and the fact that p 0 (z) ⊢ A p 1 (z) we infer that 
Zariski geometries
Let p(z) be a consistent A-type. Define k-dim(p(z)/A), the Krull dimension of p(z) over A, as the maximal n such that there are some prime equational A-types
. Directly form the definition we obtain that for prime equational types: k-dim(p(z)/A) = 0 if and only if p(z) is maximal. Then, by Fact 9, for any equational type: k-dim(p(z)/A) = 0 if and only if p(z) is a disjunction a maximal types. 
Proof As noted above, the inequality k-dim(p(z)/A) ≤ o-dim(p(z)/A) is an immediate consequence of Lemma 19. For the proof of the converse inequality, we need the following claim: if q(z, x) is a consistent equational A-type, then q(z, x) o(x/A). Suppose not for a contradiction. By Theorem 21 there is an equational A-formula such that ζ(z, x) ⊢ A o(x/A). Let M be an existentially closed saturated model containing A. By elimination of quantifier there is a pair of equational A-formulas ϕ(x) and ψ(x) such that ϕ(x)∧¬ψ(x) ⊢ A o(x/A). Observe that ϕ(x) has to be trivial, otherwise o(x/A) would contain ¬ϕ(x). Then o(x/A) is principal. Together with D3, this implies that there are only finitely many quantifier-free A-types in x. This contradicts the hypothesis, so the claim is proved. Now we are ready to prove o-dim(p(z)/A) ≤ k-dim(p(z)/A). We suppose o-dim(p(z)/A) = m+ 1 and show that there is an equational A-type q(z) such that q(z) ⊢ A p(z) A q(z) and o-dim(q(z)/A) = m. The theorem follows by induction. Let z be the tuple z 0 , . . . , z n−1 and let I ⊆ {0, . . . , n−1} and i ∈ {0, . . . , n−1} I be such that o(z I , z i /A)∧p(z) is consistent. Observe that o(z I /A)∧p(z) A o(z I , z i /A), in fact, after replacing z I with some parameters b I , it follows from the claim above. Fix an equational A-formula ψ(z I , z i ) such that
Let us recall the definition of Zariski geometry [HZ] . We refer the reader to [M1] for basic facts and a survey of results.
23 Definition A Zariski geometry is an infinite set U and a Noetherian topology on U n , for each n ∈ ω, such that the following axioms hold. Z0 1. If f : U n → U m is defined by f (z) = f 1 (z), . . . , f m (z) where each f i : U n → U is either constant or a coordinate projection, then f is continuous. 2. Each diagonal ∆ i,j = {z ∈ U n : z i = z j } is closed.
Z1 A closed set is irreducible if it is not union of two proper closed subsets. If C ⊆ U n is closed and irreducible, and π : U n → U m is a projection, then there is a closed F ⊂ π(C) such that π(C) F ⊆ π(C). Z2 1. U is irreducible. 2. Let C ⊆ U n+1 be closed and irreducible and let C a := {x : a, x ∈ C} for any a ∈ U n . There is a number k such that for all a ∈ U n , either |C a | ≤ k or C a = U.
Z3 Let C ⊆ U n+2 be closed and irreducible. Let W be a non-empty irreducible component of C ∩ ∆ i,j . Then C ≤ dim W + 1. Where the dimension of a closed irreducible set is defined as follows: dim C = 0 if C is finite, otherwise dim C = sup{dim F : F ⊂ C closed irreducible} 24 Theorem Let T be a Dedekind theory. Let U be a saturated existentially closed model of T and suppose that Th U is not ω-categorical. Then U is a Zariski geometry with as closed sets those that are definable by equational formulas with parameters in U.
Proof Axiom Z0, is clear, axiom Z1 is a consequence elimination of quantifiers, and axiom Z2 is a consequence of Theorem 11 and saturation. Finally to prove Z3 let C be a closed set of arity ≥ 2 and let ϕ(x, y, z), where x and y have arity 1, be an equational A-formula defining C. Let M be a sufficiently saturated elementary substructure of U containing A. If W is a closed irreducible component of ϕ(x, x, z), then W is definable by a prime equational M-formula ψ(x, z). It is also clear that dim C = k-dim(ϕ(x, y, z)/M) and dim W = k-dim(ψ(x, z)/M). Observe that Th U is not ω-categorical if and only if there are infinitely many algebraic elements if and only if there are infinitely many pure types in one variable. Then we can apply Theorem 22 and replace k-dim with o-dim. Then dim C ≤ dim W + 1 is clear.
